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A PROB•AMIY PP; M , OF OPTIXk CONTROL

t.7ol~vving Is a zranzO.at!loa et ezr arti.21f by
oian A. N. Kol=aorov, 1's. F. h ar. l ;.
deuician L. S. F tryagim Cf the K ea'4-! ea1 A. it-
tutet 1,eni V. A. :4t-klcv, A,.&doqa of $Scioces U
iri the us& Iags.prt8 :v A 4
Rnak SSSR (zieports from the AcavlosV of Se:Low- ,s

U$SR)~1 14. , o., !'soaoo 1962. page;; 014.99.

Let P (a. x, T, ,) - ,e the probabtV y density of h.reov' s process

in an rn-dimensional Diclidian wpeee R. •'> 3), svbjiet to Kolmogorov'a

equAtion(1)

6C, I V (a, x) 0-- -o. (i)

Let the soeon poi..t a move in the same space Rn in aecordance

with the law z = z(t). t'he vicinity of point a mves along with it;

this space is bounded by a closed aurfe Z,=z(t)+ + tl. whia is tilwlar

to a fixEd surface I , the sirniarity coeffici5ent e bsinsg small (for

simplicity we shall consider 1 a sphere of a unit radius in the fol.-

1lm-iY text). It. is required that we detezidne tho prob&U4llty

S(a, x, T) that the random point whose transition density i. subject to,

I (1) for example, will intersect the surface ll within the ,% time

.. 1 .0



Thi~e '-robiem mat solved by, Ye. F. mtshe~ij~nko L. 3. i mrt77i~giri

i.n their work(2) zel~ated to the needs of oot±&Cl control.. Howv.-,r,

the approxisate foTrm&AU f or the probab!:3.ty V ~.ar'x ~t'r'4s w:4'k

proved to be eumberioke wAr L11. suited for rt~hea. uie.Llization.

A. N. Iolmogeiroy having laLai ivt bi,,eaf with reiqrance (2)

proposed oni tte basipt of considerwtion of Vrob*A14.ti*3 anta: ,r* =4-

do.-Ably si-ve? wcpr~ms-4,n for the app ,xiiution ef Ye. P. YLihohfr~ko

7n VL -. pr~ss-t a".i1 ter are gu~r I.', Ior-oV rut fo Ot-mas &xd.

Its'of i-ropoe-ed by P~. !Aý. -.hckeiku aM- L. S. Pilt.Lui. Ttdq

proof is 'ýAsod on e rw.,ai3onh '.~I n I,? ~).

'ft 1.8 Wf.iOy, (~ft (2)) (4c.tt..e rCSr Vi y 0, X, 1)

is a soliutio4 of equatior, (. -pad Satt6I'.1( thý, rt:-iet7nt.4.

(-'j ,x r) =O (c,.) ~ 1 (2)
S. l W.ma).~gorev propoosvi ý- ' fo11.wang forma-l t~. he -rinaipa1

p~ortion (G, x, -r, r.) of the T.obability if

K z~ x ', ) ~ " (,x, S, , ~('s~ Lis, kj)

Where

A, is a 1.m~ transforr ±11 Ax~idch*A rcduC4)8 the differentils

fern ]all (s, zs)to tha for'm and w (s),

Is a harmwnjo fua~ntior satisfying Uhi' eurep

-2



w (s.~V I for E( A *; ws )-Q for m,

Thdiroct.'y it. is wrified tbat. the ftmetion X td, X. T, 61.
d~ge11lin~ b Zrmua1* 03) atlefi-sa equation (3.) atxtllde of

We -,rall show Ust in a oeemin~ s"eOial.2.y 3*loted samla l~ip-

sjoid w ith t certgr a". point. Z (,3), tiia rfotion K (or, X, T, 9)

and tre Pr.;;-evton 'f (ixt* '), '-0 Is ý.ýzatrtiet6,ý vý iZerence t2

ard whlclh is th,5 ofrcu~ ' tý 1)(A

lot diife --r c~ !Ce ' t -. l is tld!- >v.nr,'.V* A t.Ch P~ : A ~f

o (e) f: c- i~ arZ:i tsý dL'fc~ro <".() ~ ~

He.:e, by ,'irtue of leýa 3 of ref~trknr.o ý. -t t312 at

K X, '1, 8) X ., To E:~).

In ordar to prove 4+t, -wa 3-al in~trc'duie i~ nt '*Upac. (at) nay

cocm'h~atos elefinmi by fo-wri'.s %t Z 1,a• t < 3, so tbat

,a I - 3. ; r (s). LA us ameto~ :ýthr that, 4

Fr ilbt? ititotlr of r tlt ie twietion K (cs, X, T, P') Vill

be 'ta~t-mitt ~fe rt!'.,M (a~ e)i, OPAn the function

~ Ut~Aq~, ,r i) .a unaT:na soutli. of the

parab'oiio e": tkic~i fmit~e1 c%-at-it in (1) W-4 .h a -omstitution of1

Icoordinkate~ s



L.,! reference (2) It is 51hoV? that the functioni 'D (aY, Lia
for E I = a differs onl2y a non~essential3lr" fro* tiat 'ignitad a (a),
vhich to obtained in the following manner. Let us salve the Diriolet

problem for the equation AM = 0 akJoeet to conditions

W (a, t)jn. = I. W (a0 =,) -0 for 1 fo -0 --

Noee He* is an Gltps•cd cbtaf.r• from the sphere g by trensformtion

A0 . An v,1, ý.ow, t,,.e fi•.otion ., (a, m) a be presoented in -he form

TI'Iw•(a, •) = .. _ ( + II (a, •, e), (7)

vhore rI (a, t, 9) is a pct,3Mnti!. of a dou?%,lo layer formcd i•. th sultp,,

sold H. a,. ýoint ~

It is not diffiecult to oalablish the rel~tion:r.i.t betvoe-z a (0)

wAnd (0 ),vhieh figure in f~rznula ~ ~~,if we take into aacoxuIt

the fact that ihe ittegral of the normal derivative or. :urfaoe He

with respect to potential of the double .a.Ver 11 (C, L, -) is equal to

%ero, then differentiating the rigrht and left p:•rtiont of expressions

(7) along the normal to 11, arai then intergratLng over H. , -e winl

demonstrate tht

F= -(n/2 -) (8)

where r is a gams-ftuntion.

We shall show that Krolvii~gorý>v's function Q (, L, 1, 6), determi..

ned by foronrla (5) also differs oray 'non.essentially' frox U (0) for

t•.1 = '- _

-. •,.



"AM bs ohmi fist, of *11 tbat

Q(,,~, S ~ ~ ~)~ (s) ds + j( " V)

-~(e, 11si) isa Qrea"Is f1*ticozi of VO heat trsnwtsios,i.

for I- . ¶

(c.5 d. ,

( &C) ell- 2 j
ee

Oss

*d 
+

of4

(a. c" in luGted for x a l<." and vo Iave a nap~1tvJI of

ithe~ 0oe6'r nf 0(l) for T -- Z C. Carr,,r1n out the vabstit~zltou.
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